Introduction to Basic Density-Matrix Renormalization Group

Calculations
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A Brief Introduction to the Matrix Product States (MPS)

Quantum many-body wavefunctions:

|lU> = Z \|1515253"'SN|51,S2,S3,...,SN>.
S15525535--+3SN
Amplitudes are big tensors.
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A matrix product state (MPS) is one of the most widely used tensor network states (area laws of the

entanglement entropy, the ground state of gapped/gapless models etc.). oris, R., Nature Reviews Physics, 1(9),
Pp.538-550 (2019)
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Tensor Diagram Notations
Examples of low-rank tensor:
J
V.
[m] = =
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Tensor Diagram Notations
Examples of low-rank tensor:
Vi
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Tensor Diagram Notation
Examples of low-rank tensor:
J
V.

Joining lines implies contraction of indices:
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Finding Low-Rank Structure

Uncover the low-rank structure using singular value decomposition (SVD):

—— - el

M u s Vvt

For an arbitrary m x n matrix M, there exists the singular value decomposition (SVD)
with ¢ = min(m, n),

M = USVT,

where
U is m x £ matrix with orthonormal columns (UTU = 1),
S is a £ x £ diagonal matrix with non-negative real numbers,
V is a £ x n matrix with orthonormal rows (VVT = /).
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Finding Low-Rank Structure

Uncover the low-rank structure using singular value decomposition (SVD):

—I——I—O—I—

u s Vvt

SVD the amplitude tensor sequentially. Using a four-site system as an example.
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Compress an MPS

Goal: reduce dimensionality of M®¢+1

S s S, S, S, S|
V) = E ATA% A MELB2 BN sy, S), ... S0, 5041, 5042 - - -, SN)-
{s}

Perform SVD on ML — M = UAVT:

;3041

sl 52 S3 ...... sN—l SN
d d* &..d"2. . & d

W) =D Aslarha lac)s
ae

with [ag)a =3  (AT.AY) st s, i), (AT - ATU) and

— Se+1 SN setl  _yt B i
lae)e = ESZ+1~~~5N (B*...B )%1 [Se+1, - - - Sn), (BE,Z,W+1 = V3, 5411201 ) - Schmidt Decomposition.
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Compress an MPS

Goal: reduce dimensionality of M®+1

S S, S, S, S|
W) = E ATAZ A MPI B2 B |51, 55, . S0, S041, 5042 - -+ 5 SN)-
{s}

Perform SVD on M5 s M = UAVT:
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Discard the smallest singular values A\, such that the truncation error is less than e: < e.



Matrix Product Operator (MPO)

Introduce matrix product operator (MPO) as a generalization of MPS
A ’ ’ ’
o= Z Z ML M™% MV sy sy st Sl
s s

’ ’ ’ ’ ’
sl 52 s3 ...... SN—] SN

K Sy 83 eeeees SN—1 S

Compute the expectation value <\|l|(9|\|l> U. Schollwéck, “16 DMRG: Ground States, Time Evolution, and Spectral Functions.”
Emergent Phenomena in Correlated Matter (2013).
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Use MPS to Simulate Quasi-1D Quantum Systems

The ferromagnetic Kitaev (FMK) on a three-by-three honeycomb lattice,

— X X y .y z z
H——JXE s,-sj—Jyg s,-sj—ng 57 si.
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Plaguette Index

Compute the eigenvalues of plaquette operators on a honeycomb lattice with N =2 x 3 x 3 lattice.

Use PBC used in both directions. J, =1, J, =1, J, = 1.
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Time Evolution: Time Evolving Block Decimation (TEBD)

Assume we have an initial state |¢(0)), at time t we have

() = ™" |4(0)).

Use the Heisenberg Hamiltonian as an example:

=
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Let's Trotterize the time evolution operator U(t) = e~

e—i7‘H ~ e—ih1’27‘/2e—ih2’37‘/2 o e_ihN—l,NT/Qe_ihN—l,NT/Q L e_ih2’3T/2€_ih1’2T/2 + O(T3)
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Time Evolution: Time Evolving Block Decimation (TEBD)

Let's Trotterize the time evolution operator U(t) = e~ ™"

e—iTH ~ e_ihl’zT/2e_ih2’3T/2 o e_ihN—l,NT/ze_ihN—l,NT/z o e—ih2137'/2e—ih1327'/2 + O(T3)

H — e~ imhii+1/2

Lovar L 1la
hsgr = 585 + 587 Sia + 357 S

¥

https://itensor.github.io /I Tensors.jl /dev/tutorials/MPSTimeEvolution.html

Time-dependent simulations hit an exponential wall after sometime: entanglement increases and
S = Inx where x is the bond dimension.
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Simulating Quantum Dynamics with a Trapped-lon Quantum Computer

The Kicked Ising Model

HiD =Y %o‘,-zo',-z_,_l + hot + % > o(t = n)o;

i neZ

a Deeper circuits —————————>
Ising + field: I 2
. 2 (9]
Kick: 2
el iypr
. &
Ising + field: . g °
L= [
Kick: . \
1$(0))
d

e Mid-circuit measurements and reset.

I e Using finite number of qubits to simulate a half-infinite chain.

e E. Chertkov, et al., Nature Physics 18, no. 9 (2022): 1074-1079,
|. Kim, preprint arXiv:1702.02093, etc.

[m] = =




Ground States with MPS: Density Matrix Renormalization Group

The best MPS approximation to the ground state is given by a variational minimization:

_ (W|H|W) , .
min ~————= < min ((V[H|V) — X(V|V)
(V]w) ( )
where A is a Lagrangian multiplier that will give the variational approximation to the ground state

energy Eo. .
Contract the network to extremize (W|H|W) — A\(W|W)

dp_1 Qg
de_1 dg

Sy
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